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Abstract
A (m+3)-dimensional Einstein-Gauss-Bonnet gravitational model
including the Gauss-Bonnet term and the cosmological term Λ is con-
sidered. Exact solutions with exponential time dependence of two
scale factors, governed by two Hubble-like parameters H > 0 and
h 6= H, corresponding to factor spaces of dimensions m > 2 and l = 2,
respectively, are found. Under certain restrictions on x = h/H, the
stability of the solutions in a class of cosmological solutions with di-
agonal metrics is proved. A subclass of solutions with small enough
variation of the effective gravitational constant G is considered and
the stability of all solutions from this subclass is shown. By certain
renormalization of Gauss-Bonnet coupling constant (proportional to
1/(m− 1)) exact solutions in novel D = 4 EGB gravity are obtained
(in the limit m→ 1).
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1 Introduction
This paper is a continuation of our previous work [1] devoted to cosmological
solutions with two factor-spaces in the Einstein-Gauss-Bonnet (EGB) gravi-
tational model in D dimensions, which contains the so-called Gauss-Bonnet
term and cosmological term Λ. (For more general “cosmological-type” case
see also Ref. [2].) Such model may be also referred as EGBΛ one. The
Gauss-Bonnet term appeared in the low-energy limit of the superstring the-
ory [3]-[5]. It also appears in the action of Einstein-Lovelock (EL) gravity
[6, 7] for D > 4 as a first non-trivial addition (quadratic in curvature) to the
Einstein-Hilbert action (with a Λ-term).
Currently, there exists a certain interest to EGB and EL gravitational
models and its extensions, see [8]-[29] and refs. therein. The main motiva-
tion for this activity is in possible explanation of supernovae (type Ia) obser-
vational data [30, 31, 32], which tell us about accelerating expansion of the
Universe. There exists also a considerable interest in studying of black-hole
solutions in EGB and EL theories, see refs. [33]-[38].
Here we study the cosmological solutions with exponential dependence of
scale factors upon synchronous time variable and find a new class of solutions
with two scale factors, governed by two Hubble-like parameters H > 0 and h,
which correspond to factor spaces of dimensions m > 2 and 2, respectively,
(D = 1 +m+ 2) and obey relations: mH + 2h 6= 0 and H 6= h. Any of these
solutions describes an exponential expansion of 3-dimensional subspace with
Hubble parameter H > 0 [39]. Here, as in our previous paper [1], we use
the Chirkov-Pavluchenko-Toporensky trick of reducing the set of polynomial
equations on parameters H and h from Ref. [20]. By using results of refs.
[25] we show that the solutions are stable when certain restrictions on ratio
h/H are imposed. Here the stability of the solutions is understood such that
the allowed perturbations of the metric do not output the solutions from the
class of cosmological solutions with diagonal metrics.
We also study solutions with a small enough variation of the effective
gravitational constant G in Jordan frame [40, 41] which obey the restrictions
on G-dot from Ref. [42]. We show that these solutions are stable.
Earlier in Ref. [1] we were dealing with exponential cosmological solu-
tions in the EGB model (with a Λ-term) with two non-coinciding Hubble-like
parameters H > 0 and h obeying S1 = mH+lh 6= 0 and corresponding to m-
and l-dimensional factor spaces with m > 2 and l > 2, respectively. In this
case we have found two sets of solutions obeying: a) α > 0, Λ < α−1λ+(m, l)
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and b) α < 0, Λ > |α|−1λ−(m, l), with λ±(m, l) > 0. Here α = α2/α1, where
α1 and α2 are two non-zero constants of the model. We show, that in the case
m > 2, l = 2, α > 0 the “spectrum” of allowed values for Λ is unbounded
from the top and the bottom and the ratio x = h/H is unbounded from the
bottom (−∞ < x < x∗), while in the case m > 2, l > 2, α > 0 [1] the set of
allowed values for Λ is bounded from the top and set of ratios x = h/H is
bounded (x− < x < x+ < 0). From matematical point of view we have here
a more simple task since for m > 2, l = 2 the polynomial master equation
for x is of third order while in the case m > 2, l > 2 it is generically of fourth
order [1]. The solution to the master equation is presented in Appendix.
Recently, D. Glavan and C. Lin have proposed in Ref. [43] a new 4-
dimensional gravitational model with second order equations of motion. In
fact they have bypassed the Lovelock’s theorem [7] by using a dimensional
regularization in EGB model formulated in D > 4 with a Gauss-Bonnet
coupling constant proportional to 1/(D − 4).The resulting four-dimensional
theory appears as the limit D → 4. We note that various aspects of this novel
gravitational model based on EGB theory have been recently considered in
numerous publications, see, for example, [44]-[53]. Here we apply the trick
from Ref. [43] to our cosmological ansatz in dimension 3 +m by considering
the limit m → 1 when Gauss-Bonnet coupling constant is proportional to
1/(m−1) . As a result we obtain anisotropic cosmological solutions in D = 4
governed by two parameters H > 0 and h obeying h 6= H. The anisotropy
parameter h/H here can be arbitrarily close to 1.
2 The cosmological model
We start with the action
S =
∫
M
dDz
√
|g|{α1(R[g]− 2Λ) + α2L2[g]}, (2.1)
where g = gMNdz
M ⊗ dzN is the metric on the manifold M , dimM = D,
|g| = | det(gMN)|, Λ is the cosmological term, R[g] is scalar curvature,
L2[g] = RMNPQRMNPQ − 4RMNRMN +R2
is the Gauss-Bonnet term and α1, α2 are nonzero constants of the model.
Here we deal with the manifold
M = R×M1 × . . .×Mn (2.2)
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and the metric
g = −dt⊗ dt+
n∑
i=1
Bie
2vitdyi ⊗ dyi, (2.3)
where Bi > 0 are constants, i = 1, . . . , n. In (2.2) M1, . . . ,Mn are one-
dimensional manifolds, either R or S1, and n > 3.
The equations of motion for the action (2.1) and the metric (2.3) read
[24, 29]
Gijv
ivj + 2Λ− αGijklvivjvkvl = 0, (2.4)[
2Gijv
j − 4
3
αGijklv
jvkvl
] n∑
k=1
vk − 2
3
Gsjv
svj +
8
3
Λ = 0, (2.5)
i = 1, . . . , n, where α = α2/α1. Here as in refs. [16, 17] we use the notations
Gij = δij − 1, Gijkl = GijGikGilGjkGjlGkl. (2.6)
For n > 3 (D > 4) we get a set of forth-order polynomial equations.
In Ref. [19] an isotropic solution v1 = . . . = vn = H was obtained for
Λ 6= 0, α < 0, see also Ref. [25].
It was proved in Ref. [25] that there are no more than three different
numbers among v1, . . . , vn obeying
∑n
i=1 v
i 6= 0.
3 Solutions with two Hubble-like parameters
Here we deal with solutions to equations (2.4), (2.5) governed by two param-
eters:
v = (H,H,H︸ ︷︷ ︸
“our” space
,
m−3︷ ︸︸ ︷
H, . . . , H, h, h︸ ︷︷ ︸
internal space
). (3.1)
The Hubble-like parameter H corresponds to m-dimensional factor space
with m > 2 and Hubble-like parameter h corresponds to 2-dimensional factor
space.
Keeping in mind possible cosmological applications, we split them-dimensional
factor space into the product of two subspaces of dimensions 3 and m −
3, respectively, and obtain 3–dimensional “our” space and ((m − 3) + 2)-
dimensional anisotropic “internal space”. For physical applications (in our
epoch) the internal space should be chosen to be compact one, i.e. one should
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put in (2.2) M4 = . . . = Mn = S
1, while M1 = M2 = M3 = R and the in-
ternal scale factors corresponding to present time should be small enough in
comparison with the scale factors of “our” space.
In order to describe possible accelerated expansion of a 3d subspace (“our
Universe”) we put
H > 0. (3.2)
According to ansatz (3.1), the m-dimensional factor space is expanding
with the Hubble parameter H > 0, while the evolution of the 2-dimensional
factor space is driven by the Hubble-like parameter h.
As in our previous paper [1] we impose the following restrictions on pa-
rameters H and h
mH + 2h 6= 0, H 6= h. (3.3)
With the ansatz (3.1) and the restrictions (3.3) imposed the relations
(2.4) and (2.5) can be reduced to a set of two polynomial equations [20, 25]
E = mH2 + 2h2 − (mH + 2h)2 + 2Λ
−α[m(m− 1)(m− 2)(m− 3)H4
+8m(m− 1)(m− 2)H3h+ 12m(m− 1)H2h2] = 0, (3.4)
Q = (m− 1)(m− 2)H2 + 2(m− 1)Hh = − 1
2α
. (3.5)
For m > 2 equation (3.5) implies
H = (−2αP)−1/2, (3.6)
where
P = P(x,m) = (m− 1)(m− 2) + 2(m− 1)x, (3.7)
x = h/H, (3.8)
and
αP < 0. (3.9)
Restrictions (3.3) may be written as
x 6= xd = xd(m) ≡ −m/2, x 6= xa ≡ 1. (3.10)
Relation (3.5) is valid only if
P(x,m) 6= 0. (3.11)
5
Substituting (3.6) into (3.4) we obtain
Λα = λ = λ(x,m) ≡ 1
4
(P(x,m))−1M(x,m)
+
1
8
(P(x,m))−2R(x,m), (3.12)
M(x,m) ≡ m+ 2x2 − (m+ 2x)2, (3.13)
R(x,m) ≡ m(m− 1)(m− 2)(m− 3)
+8m(m− 1)(m− 2)x+ 12m(m− 1)x2. (3.14)
Using (3.11) we get
x 6= x∗ = x∗(m) ≡ −(m− 2)/2. (3.15)
We have (m > 2)
x∗(m) < 0. (3.16)
Using (3.9) and (3.12) we find
Λ = α−1λ(x,m), (3.17)
where
x < x∗(m) for α > 0 (3.18)
and
x > x∗(m) for α < 0. (3.19)
For α < 0 we have the following limit
lim
x→+∞
λ(x,m) = −∞, (3.20)
while for α > 0 we obtain
lim
x→−∞
λ(x,m) = +∞. (3.21)
We note that
λ(x) ∼ −x/(4(m− 1)) (3.22)
as x→ ±∞.
For x = 0 we get (here α < 0, m > 2)
Λ = Λ0 = α
−1λ(0,m) = − m(m+ 1)
8α(m− 1)(m− 2) > 0, (3.23)
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and
H = H0 = (−2α(m− 1)(m− 2))−1/2, h = 0, (3.24)
i.e. (see (2.2), (2.3)) we get the product of (a part of) (m + 1)-dimensional
de-Sitter space and 2-dimensional Euclidean space.
“Master” equation. Rewriting eq. (3.12) we are led to a “master”
equation
2P(x,m)M(x,m) +R(x,m)− 8λ(P(x,m))2 = 0, (3.25)
which is of third order in x. For any m > 2 the equation (3.25) may be
readily solved in radicals, the solution is presented in Appendix A.
The behaviour of the function λ(x,m) in the vicinity of the point x∗(m)
is desribed by the following proposition.
Proposition 1. For m > 2,
λ(x,m) ∼ B(m)(x− x∗(m))−2, (3.26)
as x→ x∗ = x∗(m), where B(m) = −(m(m−2))/(32(m−1)) < 0 and hence
lim
x→x∗
λ(x,m) = −∞. (3.27)
For a given m > 2 let us analyze the behaviour of the function λ(x,m) in
x for x 6= x∗(m). First, we find the extremum points obeying ∂∂xλ(x,m) = 0.
We obtain
∂
∂x
λ(x,m) = −f(x,m)(P(x,m))−3, (3.28)
f(x,m) = (m− 1)2(x− 1)(2x+m)(x+m− 2), (3.29)
x 6= x∗(m). Using these relations we get the following extremum points
xa = 1, (3.30)
xc = xc(m) ≡ −(m− 2) < 0, (3.31)
xd = xd(m) ≡ −m
2
< 0. (3.32)
For points xc, xd the following inequalities are valid
xi(m) < x∗(m), (3.33)
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i = c, d (m > 2).
We also get
(1) xc < xd for m > 4, (3.34)
(2) xc = xd for m = 4, (3.35)
(3) xd < xc for m = 3. (3.36)
(3.37)
For λi = λ(xi,m), i = a, c, d, we obtain
λa = −(m+ 1)(m+ 2)
8(m− 1)m < 0, (3.38)
λc =
3m2 − 13m+ 16
8(m− 2)(m− 1) > 0, (3.39)
and
λd =
m(m+ 2)
32(m− 1) > 0 (3.40)
for all m > 2.
We also get
λd − λc = (m− 4)
3
32(m− 2)(m− 1) (3.41)
for m > 2. By using this relation we obtain
λd − λc

> 0, if m > 4,
= 0, if m = 4,
< 0, if m = 3.
(3.42)
Let us denote by n(Λ, α) the number of solutions (in x) of the equation
Λα = λ(x,m). We calculate n(Λ, α) by using unequalities for points of
extremum xi and λi (i = c, d) presented above and relations (3.20), (3.21),
(3.27), (3.28) and (3.29).
First, we start with the case α > 0 and x < x∗.
(1) m > 4. We get xc < xd and λc < λd. Here xd is point of local
maximum and xc is a point of local minimum. We obtain
n(Λ, α) =

1, Λα ≥ λd,
3, λc < Λα < λd,
2, Λα = λc,
1, Λα < λc.
(3.43)
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Here and in what follows we use x 6= xd.
We present two functions y = λ(x) (with α > 0 and α < 0) for m = 5
at Figure 1. In this case we have x∗ = −3/2, xc = −3, xd = −5/2, λc =
13/48 ≈ 0.2708 and λd = 35/128 ≈ 0.2734 and λa = −21/80 = −0.2625. At
this and other figures the left branch corresponds to α > 0 (x < x∗) and the
right branch corresponds to α < 0 (x > x∗).
Figure 1: The functions y = λ(x) for α > 0 (left) and α < 0 (right) and
m = 5.
(2) m = 4. We have x∗ = −1, xc = xd = −2, λc = λd = 1/4 and
λa = −5/16 = −0, 3125. Here xc = xd = −2 is the point of inflection. We
obtain
n(Λ, α) =

1, Λα > λd,
0, Λα = λd,
1, Λα < λd.
(3.44)
The functions y = λ(x) for m = 4 are depicted at Figure 2.
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Figure 2: The functions y = λ(x) for α > 0 (left) and α < 0 (right) and
m = 4.
(3) m = 3. The functions y = λ(x) for m = 3 are depicted at Figure 3.
We have x∗ = −1/2, xc = −1, xd = −3/2, λc = 1/4, λd = 15/64 ≈ 0.2344
and λa = −10/24. In this subcase we have λd < λc and hence
n(Λ, α) =

1, Λα > λc,
2, Λα = λc,
3, λd < Λα < λc,
1, Λα ≤ λd.
(3.45)
Bounds on Λα for α > 0. If we summarize all cases presented above we
get that for α > 0 exact solutions under consideration exist for all Λ
−∞ < Λα < +∞, (3.46)
when m 6= 4, while the extra restriction
Λα 6= λd. (3.47)
should be imposed for m = 4.
Let us consider the case α < 0. We have Λα = λ(x), where x > x∗.
Due to the relations (3.20), (3.27), (3.28) and (3.29) the function λ(x) is
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Figure 3: The functions y = λ(x) for α > 0 (left) and α < 0 (right) and
m = 3.
monotonically increasing in the interval (x∗, xa = 1) from −∞ to λa and it
is monotonically decreasing in the interval (1,+∞) from λa to −∞.
Here xa is a point of local maximum of the function λ(x). This point is
excluded from the solution.
The functions y = λ(x) for α < 0 and m = 5, 4, 3 are presented at Figures
1, 2, 3, respectively (at right panels: x > x∗(m)).
For the number of solutions (for α < 0) we obtain
n(Λ, α) =
{
2, Λ(−α) > |λa|,
0, Λ(−α) ≤ |λa|.
(3.48)
Here x 6= xa = 1. Hence, for α < 0 and big enough values of Λ there exists
two solutions x1, x2: x∗ < x1 < x2.
Bounds on Λ(−α) for α < 0. It follows from (3.48) that for α < 0 exact
solutions under consideration exist if and only if
Λ(−α) > |λa| = (D − 2)(D − 1)
8(D − 4)(D − 3) , (3.49)
see (3.38). This relation is valid for all D = m+ 3 > 5 (m > 2).
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4 Stability analysis
Here, we study the stability of exponential solutions (2.3). In what follows
we use the results of refs. [25], when the total volume factor is non-static,
i.e. if
S1(v) =
n∑
i=1
vi 6= 0. (4.1)
As in [25], we impose the following restriction
(R) det(Lij(v)) 6= 0 (4.2)
where
L = (Lij(v)) = (2Gij − 4αGijksvkvs). (4.3)
Here we remind that the cosmological ansatz with the (diagonal) metric
g = −dt⊗ dt+
n∑
i=1
e2β
i(t)dyi ⊗ dyi, (4.4)
gives us the set of equations [24, 25, 29]
E = Gijh
ihj + 2Λ− αGijklhihjhkhl = 0, (4.5)
Yi =
dLi
dt
+ (
n∑
j=1
hj)Li − 2
3
(Gsjh
shj − 4Λ) = 0 (4.6)
(for Λ = 0 see [16, 17]), where hi = β˙i, and
Li = Li(h) = 2Gijh
j − 4
3
αGijklh
jhkhl, (4.7)
i = 1, . . . , n.
It was proved in Ref. [25] that a constant solution (hi(t)) = (vi) (i =
1, . . . , n; n > 3) to eqs. (4.5), (4.6) obeying restrictions (4.1), (4.2) is stable
under perturbations
hi(t) = vi + δhi(t), (4.8)
i = 1, . . . , n, as t→ +∞ if
S1(v) =
n∑
k=1
vk > 0 (4.9)
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and it is unstable as t→ +∞ if
S1(v) =
n∑
k=1
vk < 0. (4.10)
In our case S1(v) = mH + 2h, hence, due to H > 0 the restriction (4.9)
may be written as
x > −m
2
= xd, (4.11)
while the restriction (4.10) may be presented as
x < −m
2
= xd. (4.12)
In the linear approximation the perturbations δhi obey the following set
of linear equations [25]
Ci(v)δh
i = 0, (4.13)
Lij(v)δh˙
j = Bij(v)δh
j. (4.14)
Here
Ci(v) = 2vi − 4αGijksvjvkvs, (4.15)
Lij(v) = 2Gij − 4αGijksvkvs, (4.16)
Bij(v) = −(
n∑
k=1
vk)Lij(v)− Li(v) + 4
3
vj, (4.17)
where vi = Gijv
j, Li(v) = 2vi − 43αGijksvjvkvs and i, j, k, s = 1, . . . , n.
For the restrictions (4.1), (4.2) imposed, the set of equations (4.13), (4.14)
has the following solution [25]
δhi = Ai exp(−S1(v)t), (4.18)
n∑
i=1
Ci(v)A
i = 0, (4.19)
(Ai are constants) i = 1, . . . , n.
For the vector v from (3.1), obeying relations (3.3), the matrix L has a
block-diagonal form [25]
(Lij) = diag(Lµν , Lαβ), (4.20)
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where
(Lµν) = Gµν(2 + 4αSHH), (4.21)
is m×m matrix and
Lαβ = Gαβ(2 + 4αShh). (4.22)
is 2× 2 matrix and
SHH = (m− 2)(m− 3)H2 + 4(m− 2)Hh+ 2h2, (4.23)
Shh = m(m− 1)H2. (4.24)
The matrix (4.20) is invertible only if
SHH 6= − 1
2α
, (4.25)
Shh 6= − 1
2α
. (4.26)
We remind that the k × k matrix (Gij) = (δij − 1) is invertible for k > 1.
(Its inverse is (Gij) = (δij − 1k−1 .)
Now, we prove that inequalities (4.25), (4.26) are obeyed if
x 6= −(m− 2) = xc, (4.27)
or h 6= −(m− 2)H.
Let us suppose that (4.25) does not take place, i.e. SHH = − 12α . Then
using (3.5) we obtain
SHH −Q = −2(H − h)((m− 2)H + h) = 0, (4.28)
which implies due to H − h 6= 0 (see (3.3))
(m− 2)H + h = 0. (4.29)
This relation contradicts to the restriction (4.27). The obtained contradiction
proves the inequality (4.25).
Now let us suppose that (4.26) is not valid, i.e. Shh = − 12α . Then using
(3.5) we find
Shh −Q = −2(h−H)(m− 1)H = 0. (4.30)
But this relation contradicts H > 0 and H−h 6= 0. This contradiction leads
us to the proof of the inequality (4.26).
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Thus, we have proved that relations (4.25) and (4.26) are valid and hence
the restriction (4.2) is satisfied for our solutions.
Thus, we have proved the following proposition.
Proposition 2. The cosmological solutions under consideration, which
obey x = h/H 6= xi, i = a, c, d, where xa = 1, xc = −(m− 2), xd = −m2 , are
stable if i) x > xd and unstable if ii) x < xd.
Now we calculate the number of non-special stable solutions (i.e. obeying
x 6= xc) which are given by Proposition 2 (see item i)). We denote this
number as n∗(Λ, α). By using the results from the previous section (e.g.
illustrated by figures) we obtain for α > 0:
(1) m > 4
n∗(Λ, α) =
{
0, Λα ≥ λd,
1, Λα < λd;
(4.31)
(2) m = 4
n∗(Λ, α) =
{
0, Λα ≥ λd = λc,
1, Λα < λd = λc;
(4.32)
(3) m = 3
n∗(Λ, α) =

0, Λα ≥ λc,
2, λd < Λα < λc,
1, Λα ≤ λd.
(4.33)
We see, that for α > 0 and small enough value of Λ there exists at least
one stable solution with x ∈ (xd, x∗).
Bounds on Λα for stable solutions with α > 0. Summarizing all
cases presented above we find that for α > 0 stable exact solutions under
consideration exist if and only if
Λα <
{
λd for m ≥ 4,
λc for m = 3,
(4.34)
where λc = λc(m) and λd = λd(m) are defined in (3.39) and (3.40), respec-
tively.
In the case α < 0 we obtain
n∗(Λ, α) =
{
2, Λ|α| > |λa|,
0, Λ|α| ≤ |λa|,
(4.35)
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i.e. n∗(Λ, α) = n(Λ, α). Here the inequality x 6= xa = 1 was used. Thus, for
α < 0 and big enough value of Λ there exist two stable solution corresponding
to x = x1, x2 which obey x∗ < x1 < x2.
Bounds on Λ|α| for stable solutions with α < 0. It follows from
(4.35) that for α < 0 stable exact solutions under consideration exist if and
only if the relation (3.49) is obeyed.
5 Solutions describing a small enough varia-
tion of G
Here we analyze the solutions by using the restriction on variation of the
effective gravitational constant G, which is inversely proportional (in the
Jordan frame) to the volume scale factor of the (anisotropic) internal space
[21], i.e.
G = const exp [−(m− 3)Ht− 2ht]. (5.1)
By using (5.1) one can get the following formula for a dimensionless pa-
rameter of temporal variation of G (G-dot):
δ ≡ G˙
GH
= −(m− 3 + 2x), x = h/H. (5.2)
Here H > 0 is the Hubble parameter.
Due to observational data, the variation of the gravitational constant is
on the level of 10−13 per year and less.
For example, one can use, as it was done in Ref. [21], the following bounds
on the value of the dimensionless variation of the effective gravitational con-
stant:
− 0, 65 · 10−3 < δ < 1, 12 · 10−3. (5.3)
They come from the most stringent limitation on G-dot obtained by the set
of ephemerides [42] and value of the Hubble parameter (at present) [39] when
both are written with 95% confidence level [21].
When the value δ is fixed we get from (5.2)
x = x0(δ,m) ≡ −(m− 3 + δ)
2
. (5.4)
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We obtain
x0(δ,m) = −(m− 3 + δ)/2 > x∗(m) = −(m− 2)/2 (5.5)
for δ < 1, e.g. when restrictions (5.3) are obeyed. In this case
P(x0(δ,m),m) = (m− 1)(1− δ) > 0 (5.6)
and hence (see (3.9) )
α < 0. (5.7)
Due to inequality (5.5) and relations xc(m) < x∗(m), xd(m) < x∗(m) all
conditions in Proposition 2 are satisfied for δ < 1, e.g. when restrictions (5.3)
are obeyed. This implies the stability of the solutions under consideration
(m > 2) with small enough variation of G, which obey the physical bounds
(5.3).
We note that for δ = 0, i.e. for solutions with zero variation of G, we
obtain from (3.12)
Λ|α| = −λ(x0(0,m)) = 2m
2 − 5m+ 9
8(m− 1) > 0, (5.8)
m > 2. For m = 3, 4, 5 we find
Λ|α| =

3
4
for m = 3,
7
8
for m = 4,
17
16
for m = 5
(5.9)
with
x0(0,m) = −(m− 3)/2 =

0 for m = 3,
−1
2
for m = 4,
−1, for m = 5.
(5.10)
6 Solutions in novel D = 4 EGB model
Here we deal with novel D = 4 EGB model from Ref. [43]. We find the
analytical extension of the solutions under consideration corresponding to
the action
S =
∫
M
dDz
√
|g|{R[g]− 2Λ + αL2[g]}, (6.1)
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when D → 4 or m→ 1 if the following relation for the “bare” constant α is
adopted
α =
α¯
D − 4 =
α¯
m− 1 . (6.2)
Here α¯ 6= 0 is a “renormalized” constant.
By inserting α from (6.2) into relations (3.4), (3.5) and putting m → 1
we get
E = H2 + 2h2 − (H + 2h)2 + 2Λ
−α¯(2H4 − 8H3h+ 12H2h2) = 0, (6.3)
Q¯ = −H2 + 2Hh = − 1
2α¯
. (6.4)
Here the restrictions (3.3) read
H + 2h 6= 0, H 6= h. (6.5)
Using equation (6.4) we get
H2 = (−2α¯P¯)−1, (6.6)
where
P¯ = 2x− 1, (6.7)
x = h/H and
α¯P¯ < 0. (6.8)
Here we get (see (6.4))
x 6= x∗ = 1/2. (6.9)
Due to restrictions (6.5) we have
x 6= xd ≡ −1/2, x 6= xa ≡ 1. (6.10)
We denote
λ¯ = Λα¯ = Λα(m− 1) = λ(m− 1). (6.11)
By multiplying equation (6.3) on α¯ and using (6.6), (6.7) and x = h/H
we get
λ¯ = λ¯(x) = − 2x
2 + 4x
4(2x− 1) +
12x2 − 8x+ 2
8(2x− 1)2 . (6.12)
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Figure 4: The functions y = λ¯(x) for α¯ > 0 (left: x < 1/2) and α¯ < 0 (right:
x > 1/2).
This relation may be also obtained from the equation (3.12) in the limit
m→ 1 (when the relation (6.2) is keeping in mind).
It follows from (6.8) that x < 1/2 for α¯ > 0 and x > 1/2 for α¯ < 0. The
functions y = λ¯(x) (for α¯ > 0 and α¯ < 0) are depicted at Figure 4.
We get two asymptotical relations:
λ¯(x) ∼ −x/4 (6.13)
as x→ ±∞ and
λ¯(x) ∼ (1/32)(x− 1/2)−2, (6.14)
as x→ 1/2. Hence
lim
x→1/2
λ¯(x) = +∞. (6.15)
For α¯ > 0 the function λ¯(x) has only one point of extremum: x = xd =
−1/2, which is the point of minimum. We get
λ¯(xd) = λ¯d =
3
32
. (6.16)
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For α¯ < 0 the function λ¯(x) has also one point of extremum: x = xa = 1
with
λ¯(xa) = λ¯a = −3
4
. (6.17)
This is the point of inflection.
Thus, for α¯ > 0 the (analytically continued) solutions under consideration
takes place if
Λα¯ >
3
32
, (6.18)
while for α¯ < 0 the solution takes place for Λ obeying
Λα¯ 6= λ¯(1) = −3
4
. (6.19)
The case x = 1 is forbidden for our solution but here one can put x = 1+ε
with small enough anisotropy parameter ε. In the limiting case ε = 1± 0 we
get H = h and the following value for effective cosmological constant
Λeff = 3H
2 = 2Λ. (6.20)
This follows from relations (6.6), (6.7) and (6.17). Relation (6.20) is a special
case of relation (9) from Ref. [43] which in our notations reads
Λeff ≡ 3H2 = 3
2α¯
(
−1±
√
1 +
4Λα¯
3
)
. (6.21)
We also note that λ¯(x) = 0 only if
x = 4−1/3 ≈ 0.62996 (6.22)
and α¯ < 0 (see Figure 4). This value (of x = h/H) corresponds to Λ = 0.
7 Conclusions
We have considered the D-dimensional Einstein-Gauss-Bonnet (EGB) model
with the Λ-term. We have found a new class of cosmological solutions with di-
agonal metrics and exponential time dependence of two scale factors. The so-
lutions are governed by two Hubble-like parametersH > 0 and h, correspond-
ing to flat subspaces of dimensions m > 2 and 2, respectively (D = m + 3).
20
Here the parameters H and h satisfy the following restrictions: H 6= h and
mH + 2h 6= 0. The solutions obey the relation (m− 2)H + 2h 6= 0.
Any obtained solution may be considered as describing an exponential
expansion of 3-dimensional subspace (“our space”) with the Hubble parame-
ter H > 0 and anisotropic behaviour of ((m−3)+2)-dimensional anisotropic
internal space which expands in (m−3) dimensions (with Hubble-like param-
eter H) and either contracts, or expands (with Hubble-like parameter h) or
stable in 2 dimensions. The solutions are governed by a polynomial equation
of third order in x = h/H, which is readily solved in radicals for all values of
Λ and α in Appendix A. Here α = α2/α1 where α1 and α2 are two non-zero
constants of the model. The case Λ = 0, which takes place only for α > 0,
is outlined in Appendix B. We note that in our previous paper [1], devoted
to (1 + m + l)-dimensional solutions with m > 2 and l > 2, the polynomial
master equation in x = h/H was generically of fourth order. Here we have
found the restrictions on Λ which guarantee the existence of the solutions
under consideration:
Λα 6= 1/4, if m = 4 (7.1)
for α > 0 and
Λ|α| > (D − 2)(D − 1)
8(D − 4)(D − 3) (7.2)
for α < 0.
Using the scheme from Ref. [25], we have proved that any of these so-
lutions obeying the additional restriction x 6= xc = −(m − 2), is stable (as
t→ +∞) if x > xd = −m/2 and unstable if x < xd.
We have also found that for α > 0 stable exact solutions exist if and only
if:
Λα < λd (7.3)
for m ≥ 4 and
Λα < λc, (7.4)
for m < 4, where λd is defined in (3.40) and λc is defined in (3.39). For α < 0
the all obtained exact solutions (obeying (7.2)) are stable.
We have shown that all (well-defined) solutions with small enough va-
ration of the effective gravitational constant G (in the Jordan frame) are
stable.
The solutions presented here are different from those obtained in Ref. [1]
for two non-coinciding Hubble-like parameters H > 0 and h corresponding
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to factor spaces of dimensions m > 2 and l > 2 with mH + lh 6= 0. In the
case of Ref. [1] we have two branches with: (a) α > 0, −∞ < Λα < λ+(m, l)
and (b) α < 0, Λ|α| > λ−(m, l), where λ±(m, l) > 0. In the case l = 2 and
α > 0 the allowed values for Λ are unbounded from the top and the bottom
but they are bounded from the top when stable solutions are considered. For
l = 2, we have x = h/H < x∗ = −(m− 2)/2 for α > 0 and x > x∗ for α > 0,
while in the case l > 2 we get: x− < x < x+ < 0 for α > 0, and x < x−
(unstable brunch) or x > x+ (stable brunch) for α < 0.
Here we have also applied the ansatz from Ref. [43] to our (3 + m)-
dimensional model by considering the limit m→ 1 when Gauss-Bonnet cou-
pling constant is proportional to 1/(m − 1) = 1/(D − 4) . As a result we
have obtained anisotropic cosmological solutions in D = 4 governed by two
parameters H > 0 and h obeying h/H 6= 1. Here the anisotropy parameter
h/H can be arbitrarily close to 1.
Appendix
A The analytical solution to the master equation
For any m > 2 the master equation (3.25) may be written as follows
x3 + bx2 + cx+ d = 0, (A.1)
where
b = m− 1 + 4λ(m− 1), (A.2)
c = (1/2)(m− 1)m+ 4λ(m− 1)(m− 2), (A.3)
d = (1/8)(m− 2)m(m+ 1) + λ(m− 1)(m− 2)2. (A.4)
The standard (generically complex) Cardano solution to equation (A.1)
gives us
x = xk = −b/3 + ek 3
√
Z −R/(ek 3
√
Z), (A.5)
where
Z = (1/2)3−3/2(±
√
W ) +Q, (A.6)
W = 27d2 + (4b2 − 18c)bd+ 4c3 − b2c2, (A.7)
R = c/3− b2/9, (A.8)
Q = (bc− 3d)/6− b3/27, (A.9)
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and ek = exp(2piik/3) are cubic roots from unity, k = 0, 1, 2. Here for a given
value of square root
√
W one should choose the sign ± such that Z 6= 0 and
3
√
Z is arbitrary (fixed) value of cubic root.
The calculations give us
W = ((32q −m2 − 2m)(8mq +m2 + 3m+ 2)×
×(8(m− 2)q − 3m2 + 13m− 16))/64, (A.10)
R = (−32q2 + 8(m− 4)q + (m+ 2)(m− 1))/18, (A.11)
Q = (−1024q3 + 384(m− 4)q2 + 24(m2 + 10m− 20)q
−(m+ 2)(7m2 − 17m− 8))/432, (A.12)
where q = λ(m− 1) = Λα(m− 1).
Here W = −∆, where ∆ is discriminant corresponding to (A.1). We get
W = 32(m− 1)3m(m− 2)(λ− λa)(λ− λc)(λ− λd), (A.13)
where λa, λc, λd are defined in (3.38), (3.39), (3.40), respectively.
It is known that for ∆ > 0 the equation (A.1) has three different real
solutions, while for ∆ < 0 it has is only one real solutions. For ∆ = 0 we
have: either i) two different real solutions (two roots are coinciding) or ii)
or one real solutions (all three roots are coinciding). One can readily verify
that these facts confirm the classifiction of the number of solutions presented
in Section 3 (up to exclusion one of the solutions for λ = λd corresponding
to x = xd.) We note that the case ∆ = 0 takes place when λ = λi for some
i = a, c, d. In the subcase ii) we obtain solutions: x = xa = 1 (for α < 0,
λ = λa) and x = xd = xc = −2 (for α > 0, m = 4 and λ = λc = λd = 1/4),
which are forbidden by our restrictions.
B The case Λ = 0
For Λα = λ = 0 we obtain
W = m(m+ 1)(m+ 2)2(3m2 − 13m+ 16)/64 =
32(m− 1)3m(m− 2)(−λa)λcλd > 0 (B.14)
for m > 2, or ∆ < 0. Hence in this case we have only one real solution to
master equation which is agreement with our graphical analysis from Section
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3. This solution takes place only for α > 0. It is given by the relations
(following from those presented above)
x =
3
√
Z −R/ 3
√
Z − (m− 1)/3, (B.15)
R = (m− 1)(m+ 2)/18, (B.16)
Z = 2−43−3/2(m+ 2)
√
m(m+ 1)(3m2 − 13m+ 16) +Q, (B.17)
Q = −((m+ 2)(7m2 − 17m− 8))/432 , (B.18)
m > 2. It may be shown that Z > 0 for all natural m. The calculations give
us the following approximate values:
x ≈

−0.72212 for m = 3,
−1.32219 for m = 4,
−1.86971 for m = 5.
(B.19)
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